Abstract. This article describes a new trimming method for eliminating frequency split of an imperfect fused silica cylindrical resonator. First, the effect of the 4 th harmonic deviation on the formation of frequency split is analyzed. Then, a chemical etching trimming method is presented to eliminate frequency split by removing the 4 th harmonic deviation. Finally, we simulate the static trimming procedure of a fused silica cylindrical resonator with frequency split. The result shows that the chemical etching method is feasible and effective for frequency split elimination.
Introduction
The cylinder shell vibrating gyroscope is a typical Coriolis vibratory gyroscope [1] . It is very promising in the field of inertial navigation [2, 3] . The cylindrical resonator is the critical component of a cylindrical gyroscope. Inhomogeneity of density, thickness, elastic modulus always exists in manufactured resonators, which lead to frequency split. The resulting frequency split, if uncorrected, will reduce the accuracy of the gyroscope. High-performance cylindrical vibratory gyroscopes normally have frequency split less than 0.5Hz [4, 5] .
Trimming of resonator is to eliminate the frequency split by changing the local mass or stiffness of the imperfect resonator. The most common trimming method is processing trimming grooves on the edge of the resonator [6] . Trimming through laser ablation can remove point mass precisely [7] . But these two methods can severely reduce the quality factor of the resonator. Trimming through vacuum ion beam by removing mass from surface of the resonator can achieve high trimming precision [8] , but the equipment used is very expensive.
In this article, we investigate chemical etching as a trimming method for fused silica cylindrical resonator. This method has the advantages of low cost, simple algorithm, and has little effect on reducing the quality factor of the resonator.
Frequency Split and the 4 th

Harmonic Deviation
The cylindrical resonators are fabricated from fused silica and are designed as an axisymmetrical shape to guarantee high performance [1] . The structure of the resonator is presented in Fig. 1 .
For ideal resonator, the free vibration orientation of its elliptical shape mode is random. For imperfect resonator, studies show that the resonators have approximately the same elliptical shape for the two degenerate modes, but the modes are constrained to two fixed orientations, 45 degrees apart, also known as two principle axises, as shown in Fig. 2 , along which the natural frequency reaches its minimum ω1 and maximum ω2 respectively, the difference between them (Δω=ω2-ω1 ) is defined as frequency split [9] . 
Chemical Trimming Theory
Chemical etching trimming method is implemented by repeating rotation of the imperfect fused silica resonator inclined immersion into etching solution about its axis of symmetry. The etching solution including HF is temperature controlled. The mass is removed from the lateral surface of the resonator according to the proposed rule which ensuring the effectiveness of removing the 4 th harmonic deviation. The schematic diagram of resonator trimming and trimming parameters is depicted in Fig. 3 . The key parameters during trimming include the trimming wedge-shaped part of the resonator with central angle 2α, the resonator tilt angle δ and the undergoing processing largest depth hmax, R and L representing the radius and length of the resonator respectively. The depth of resonator being immersed into the etching solution along the generatrix h(φ) can be determined by:
Where, φ is the angle of circumference. Expand h(φ) in the Fourier series:
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During the trimming process, only the first four harmonics are considered, so Eq. 3 is simplified as:
Where, the corresponding coefficient of Ck(α) (k=0,1,2,3,4) are following:
When α=0.521rad, C4(α) obtains its maximum value and the removal efficiency of the 4 th harmonic deviation is the largest under this condition. When the tilt angle of resonator δ is given, the largest depth hmax processing etching can be calculated by geometric relationship. For removing of the 4 th harmonic deviation, it is better to trim four times uniformly around the resonator with the internal of the resonator being protected.
For once a four-stage of immersion, the total value of the mass removed from the outside lateral surface is given by:
Where, ρ is the density of fused silica, d is the thickness of the fused silica etching layer. So, then the total time of a four-stage immersion for chemical etching is:
Where, ν (μm/min) is the removal rate of fused silica in a particular concentration solution.
Simulation and Validation
The finite element method (FEM) is used to testify the effectiveness of the trimming method mentioned above. The FEM software ANSYS is applied. Element SOLID 186 is employed to simulate the perfect resonator. Element MASS 21 is used to represent the added mass point. The material is fused silica. The properties of the material are shown in Table 1 . 
Frequency Split Introduced by Simulation
Fox introduced the concept of representing the imperfection cylinder by a perfect cylinder with an attached point mass [10] . So we can simulate arbitrary frequency split of a resonator through this method. The relationship between point mass at the edge of the cylindrical shell and frequency split is studied. It was found that the frequency split is linearly dependent on the magnitude of mass addition with approximately 2.564Hz per 1mg of mass addition.
Trimming Mass Determined by Simulation
Through simulation we found that the frequency splits caused by adding mass and removing mass are linear superposition for the resonator. So the relationship between frequency split and removed mass by chemical etching is also studied. The shape of a resonator after chemical etching is shown in Fig. 4 .
The effect of different etching thickness on frequency split is studied through simulation, and the corresponding frequency and frequency split are listed in Table 2 . Then the relationship between etching mass and frequency split is shown in Fig. 5 through large amounts of data fitting. The fitting result is shown in Eq. 8, which is used for calculating trimming mass. 
So, after adding point mass to the ideal resonator, the corresponding natural frequencies and frequency split of the two modes can be determined simultaneously. Then the total mass need to be removed by chemical etching can be calculated approximately by Eq. 8. 
The Simulation Aided Trimming Procedure
The chemical trimming simulation procedure is designed as follows: Firstly, add point mass on ideal resonator to simulate a given imperfect cylindrical resonator with certain frequency split Δf.
Secondly, calculate the equivalent unbalanced mass of imperfect resonator by Eq. 8, and determine the trimming thickness by Eq. 6.
Thirdly, remove mass by chemical etching from four positions around the resonator symmetrically, and then adjust the trimming thickness to a more reasonable value through further simulation.
For example, for a resonator with frequency split of 10.1Hz, the simulated natural frequency is 4942.3Hz according to its dimension parameter. Then the calculated trimming mass is 6.217304mg by Eq. 8. The tilt angel of the resonator is taken as 45°, and then the thickness of fused silica etching layer calculated by Eq. 6 is 0.046018mm. With simulated etching thickness of 46μm, very close to the calculated value, the natural frequencies of the two modes of resonator are 4917.56Hz and 4917.7Hz respectively with frequency split of 0.14Hz and trimming mass of 6.344mg. When the thickness reaches 47μm by further simulation, the natural frequencies of the two modes of resonator are 4917.31Hz and 4917.41Hz respectively with frequency split of 0.1Hz and trimming mass of 6.479mg. The elimination effect of frequency split is obvious.
Summary
The goal of this article is to propose a chemical etching trimming method and preform a simulation aided trimming procedure, aimed to eliminate frequency split of fused silica cylindrical resonator which is mainly caused by the 4 th harmonic deviation. The feasibility of chemical etching trimming method is identified through FEM. This article can provide effective guidance for future chemical etching trimming experiments.
